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Abstract:-- The algebraic theory of semigroups was developed by A. H. Clifford and G. B. Preston [2] and it was extended by 

several authors like David. McLean [4]. The algebraic theory of commutative semigroup was studied and extended by various 

authors like M. A. Taiclin [13], A. P. Biryukov [1]. In this paper, we have defined some structures of Idempotent Commutative 

Semigroup. We have given a notion of left(right) normal, left(right) quasi-normal, regular, normal, left(right) semi-normal, 

left(right) semi-regular, rectangular, reduced in a Idempotent Commutative Semigroup S. We have proved various theorems like 

an Idempotent Commutative Semigroup S is left(right) normal if and only if left(right) quasi- normal; S is regular implies normal 

and vice versa. Further we also proved that S is left(right) semi- normal if and only if  left(right) semi-regular; S is left(right) quasi-

normal implies left(right) semi-regular and vice versa. We also verified that S is left(right) quasi-normal if and only if left(right) 

semi-normal. Further it is proved that every left singular with rectangular semigroup is reduced. 
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1. INTRODUCTION 

 

The formal study of semigroups began in the early 

20th century. Early results include a Cayley theorem for 

semigroups realizing any semigroup as transformation 

semigroup, in which arbitrary functions replace the role of 

bijections from group theory. Other fundamental techniques 

of studying semigroups like Green's relations do not imitate 

anything in group theory though. A deep result in the 

classification of finite semigroups is Krohn–Rhodes theory. 

The theory of finite semigroups has been of particular 

importance in theoretical computer science since the 1950s 

because of the natural link between finite semigroups 

and finite automata via the syntactic monoid. In probability 

theory, semigroups are associated with Markov processes. In 

other areas of applied mathematics, semigroups are 

fundamental models for linear time-invariant systems. 

In mathematics, a semigroup is an algebraic 

structure consisting of a set together with 

an associative binary operation. The binary operation of a 

semigroup is most often denoted multiplicatively: x·y, or 

simply xy, denotes the result of applying the semigroup 

operation to the ordered pair (x, y). Associativity is formally 

expressed as that (x·y)·z = x·(y·z) for all x, y and z in the 

semigroup. 

The name "semigroup" originates in the fact that a 

semigroup generalizes a group by preserving 

only associativity and closure under the binary operation 

from the axioms defining a group. From the opposite point of 

view (of adding rather than removing axioms), a semigroup 

is an associative magma. As in the case of groups or magmas, 

the semigroup operation need not be commutative, so x·y is 

not necessarily equal to y·x; a typical example of associative 

but non-commutative operation is matrix multiplication. If 

the semigroup operation is commutative, then the semigroup 

is called a commutative semigroup or (less often than in 

the analogous case of groups) it may be called an abelian 

semigroup. 

2.Preliminaries: 

In this section we present some basic concepts of 

semigroups and definitions needed for the study of this 

chapter. 

2.1 Definition 

 A Semigroup (S, .) is said to be left(right) singular if 

it satisfies the identity            for all a, b in S. 

2.2 Definition 

 A Semigroup (S, .) is rectangular if it satisfies the 

identity       for all a, b in S. 

2.3 Definition 

A Semigroup (S, .) is called left(right) regular if it 

satisfies the identity               for all a, b in S. 

2.4 Definition 

 A Semigroup (S, .) is called  regular if it satisfies the 

identity            for all a,b,c in S. 

2.5 Definition 

 A Semigroup (S, .) is said to be total if every 

element of S can be written as the product of two elements of 

S. i.e,     . 

2.6 Definition 

 A Semigroup (S, .) is said to be left(right) normal if 

                 for all a, b, c in S. 

2.7 Definition 

A Semigroup (S, .) is said to be normal if it satisfies 

the identity           for all a, b, c in S. 

2.8 Definition 
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A Semigroup (S, .) is said to be left(right) quasi-

normal if  it satisfies the identity                    
for all a, b, c in S. 

2.9 Definition 

 A Semigroup (S, .) is said to be left(right) semi-

normal if  it satisfies the identity                 
       for all a, b, c in S. 

2.10 Definition 

 A Semigroup (S, .) is said to be left(right) semi-

regular if  it satisfies the identity                    
          for all a, b, c in S. 

3. Structures of Idempotent Commutative Semigroup 

 In this section, we will see various theorem on 

Idempotent Commutative Semigroup satisfying some 

properties. 

3.1 Theorem 

 An Idempotent Commutative Semigroup S is 

left(right) normal iff it is left(right) quasi-normal. 

Proof: 

Let (S, . ) be an Idempotent Commutative Semigroup. 

Now let (S, .) be left normal, then               
             (       
Therefore (S, .) is left quasi-normal. 

Conversely. Let (S, .) be left quasi-normal, then     
                                     

Therefore (S, .) is left normal 

Now let (S, .) be right normal, then              
                     . 

Therefore (S, .) is right quasi normal. 

Conversely let (S, .) is right quasi normal, then     
                                      . 
Hence (S, .) is right normal. 

3.2 Theorem 

 An idempotent commutative semigroup S is regular 

iff it is normal 

Proof: 

Let (S, .) be an idempotent Commutative Semigroup. 

Assume that (S, .) is regular then                 
                                         
    . Therefore (S, .) is normal. 

Conversely, assume that (S, .) is normal then,      
                                        
     
                      
Hence (S, .) is regular. 

3.3 Theorem 

An Idempotent Commutative Semigroup S is 

left(right) semi-normal iff it is left(right) semi-regular. 

Proof: 

Let (S, .) be an idempotent Commutative Semigroup. 

Assume that (S, .) is left semi-normal then,            

                                 
                   

                        
                            

                  
                        
Hence (S, .) is left semi-regular. 

Conversely, assume that (S, .) is left semi-regular then, 

              

                             
                 

                        
                                  

               

           . Hence (S, .) is left semi-normal. 

Now assume that (S, .) is right semi-normal then,      
                                        
                                 
                                    
                             
Hence (S, .) is right semi-regular. 

Conversely assume that (S, .) is right semi-regular then, 

              

                                      

                            
                               

                                         

Hence (S, .) is right semi-normal. 

3.4 Theorem 

An Idempotent Commutative Semigroup S is left(right) 

quasi-normal iff it is left(right) semi-regular. 

Proof: 

Let (S, .) be an idempotent Commutative Semigroup.  

Assume that (S, .) is left quasi-normal then,          
           

                                  
                   

                           
                  

                          
                        
          

Hence (S, .) is left semi-regular. 

Conversely, assume (S, .) is left semi-regular then,      
                                          

                                        
                                   

                

                                      
                    

                . Hence (S, .) is left quasi-normal. 
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Now assume that (S, .) is right quasi-normal then,     
                

                                    

                                     
                   

                         Hence (S, .) is right semi-

regular. 

Conversely assume that (S, .) is right semi-regular then, 

              

                            
                         

                               
                          

                                    
                          

Hence (S, .) is right quasi-normal. 

3.5 Theorem 

An Idempotent Commutative Semigroup (S, .) is left(right) 

quasi-normal iff left(right) semi-normal. 

Proof: 

Let (S, .) be an idempotent Commutative Semigroup. 

Assume (S, .) is left quasi-normal then,          
          . Hence (S, .) is left semi-normal. 

Conversely assume that (S, .) is left semi-normal then, 

           

                                         
                         . Hence (S, .) is left 

quasi- normal. 

Now assume that (S, .) is right quasi-normal then,     
                

                                    
                                     
              

Hence (S, .) is right semi-normal. 

Conversely let (S, .) is right semi-normal then,            

                                   
                       

                 . Hence (S, .) is right quasi-normal. 

3.6 Theorem 

An Idempotent Commutative Semigroup (S, .) is left(right) 

quasi-normal iff it is right(left) semi-normal. 

Proof: 

Let (S, .) be an idempotent Commutative Semigroup. 

Assume that (S, .) is left quasi-normal then     
                

                                     
                   

                    . Hence (S, .) is right semi-

normal. 

Conversely assume that (S, .) is right semi-normal then 

           

                                   
                       

                             
                  
            

                            . Hence (S, .) is 

left quasi-normal. 

Now assume that (S, .) is right quasi-normal then,     
                

                                     
                   

                      Therefore (S, .) is left semi-

normal. 

Conversely let (S, .) be left semi-normal then,            

                                   
                       

                          

Hence (S, .) is right quasi-normal. 

3.7 Theorem 

An Idempotent Commutative semigroup (S, .) is left(right) 

quasi-normal iff it is right(left) semi-regular 

Proof: 

Let (S, .) be an idempotent Commutative Semigroup. 

Assume that (S, .) is left quasi-normal then,          
           

                                  
                             

                             
                 . Therefore (S, .) is right semi-regular. 

Conversely assume that (S, .) is right semi-regular then, 

              

                                            

                                     
                     

                                    
                    

                . Therefore (S, .) is left quasi-

normal. 

Now assume that (S, .) is right quasi-normal then,     
                

                                      

                                      
                   

                       . Therefore (S, .) is left 

semi-regular. 

Conversely, let (S, .) is left semi-regular then,      
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                .  

Therefore (S, .) is right quasi-normal. 

3.8 Theorem 

An Idempotent Commutative Semigroup (S, .) is left(right) 

semi-normal iff it is right(left) semi-regular. 

Proof:  

Let (S, .) be an idempotent Commutative Semigroup. 

Assume that (S, .) is left semi-normal then,            
                    

                         
                        

                                     
                 

                        Therefore (S, .) is right 

semi-regular. 

Conversely assume that (S, .) is right semi-regular then, 

              

                                      
                       

                                       . 

Therefore (S, .) is left semi-normal. 

Now assume that (S, .) is right semi-normal then,      
      

                                  
                             

                             
                 . 

 Therefore (S, .) is left semi-regular. 

Conversely assume that (S, .) is left semi-regular then, 

              

                            
                          

                                         

                    Therefore (S, .) is right semi-

normal. 

3.9 Theorem 

An Idempotent Commutative Semigroup (S, .) is left(right) 

regular implies it is left(right) normal. 

Proof:  

Let (S, .) be an idempotent Commutative Semigroup. 

Assume that (S, .) is left regular then,             
    

                                 
            
Therefore (S, .) is left normal. 

Now let assume that (S, .) is right regular then,        
         

                                    
Therefore (S, .) is right normal. 

3.10Theorem 

An Idempotent Commutative Semigroup (S, .) is left(right) 

regular implies it is right(left) normal. 

Proof: 

Let (S, .) be an idempotent Commutative Semigroup. 

Assume that (S, .) is left regular then,             
                      
                 
Therefore (S, .) is right normal. 

Now assume that (S, .) is right regular then,        
         

                                       
       
Therefore (S, .) is left normal. 
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